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We introduce the idea of weakly coherent collisional models, where the elements of an environment inter-
acting with a system of interest are prepared in states that are approximately thermal, but have an amount of
coherence proportional to a short system-environment interaction time in a scenario akin to well-known col-
lisional models. We show that, in the continuous-time limit, the model allows for a clear formulation of the
first and second laws of thermodynamics, which are modified to include a non-trivial contribution related to
quantum coherence. Remarkably, we derive a bound showing that the degree of such coherence in the state of
the elements of the environment represents a resource, which can be consumed to convert heat into an ordered
(unitary-like) energy term in the system, even though no work is performed in the global dynamics. Our results
therefore represent an instance where thermodynamics can be extended beyond thermal systems, opening the
way for combining classical and quantum resources.
The laws of thermodynamics provide operationally mean-
ingful prescriptions on the tasks one may perform, given a set
of available resources. The second law, in particular, sets strict
bounds on the amount of work that can be extracted in a cer-
tain protocol. Most processes in Nature, however, are not ther-
modynamic and therefore do not enjoy such a simple and far
reaching set of rules. One is then led to ask whether there ex-
ists scenarios “beyond thermal” for which a clear set of ther-
modynamic rules can nonetheless be constructed. This issue
has recently been addressed, e.g., in the context of photonic
heat engines [1, 2], squeezed thermal baths [3–5], coherence
amplification [6], information flows [7] and quantum resource
theories [8–10]. The question also acquires additional mean-
ing in light of recent experimental demonstrations that quan-
tum effects can indeed be used as thermodynamic resources
[11, 12].
A framework that is particularly suited for addressing the
thermodynamics of engineered reservoirs is that of collisional
models (also called repeated interactions) [13–24]. They draw
inspiration from Boltzmann’s original Stosszahlansatz: at any
given interval of time, the system S will only interact with a
tiny fraction of the environment. For instance, in Brownian
motion, a particle interacts with only a few water molecules
at a time. Moreover, this interaction lasts for an extremely
short time, after which the molecule moves on, never to return.
Since the environment is large, the next molecule to arrive
will be completely uncorrelated from the previous one, so the
process repeats anew.
In the context of quantum systems, this can be viewed as
the process depicted in Fig. 1, where the system S interacts
sequentially with a multi-party environment whose elements,
henceforth dubbed ancillae An, are assumed to be mutually
independent and prepared, in general, in arbitrary states. This
generates a stroboscopic evolution for the reduced density
matrix of the system, akin to a discrete-time Markov chain.
A continuous-time description in terms of a Lindblad mas-
ter equation can be derived in the short-time limit, provided
some assumptions are made about the system-ancilla interac-
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FIG. 1. Basic setup of weakly coherent collisional models. The
system is allowed to interact sequentially with a series of independent
ancillae prepared in states ρA which are close to being thermal, but
have a small amount of coherence [cf. Eq. (5)].
tion [15, 17, 25].
When the ancillae are prepared in thermal states, it is possi-
ble to address quantitatively quantities of key thermodynamic
relevance, from work to heat currents and entropy [21–24].
This includes both the stroboscopic case, where formal re-
lations can be drawn with the resource theory of athermal-
ity [26, 27], and the continuous-time limit [18, 28]. The
framework is also readily extended to systems coupled to mul-
tiple baths in an entirely consistent way [19, 20, 29]. Con-
versely, when the state of the ancillae is not thermal, much
less can be said about its thermodynamic properties.
An important contribution in this direction was given in
Ref. [18, 30], which put forth a general framework for de-
scribing the thermodynamics of collisional models. However,
for general ancillary states, the second law of thermodynam-
ics is expressed in terms of system-ancilla correlations and the
changes in the state of the ancillae [cf. Eq. (3) below]. These
quantities are rarely accessible in practice, which greatly lim-
its the operational use of such formulations.
Motivated by this search for “thermodynamics beyond ther-
mal states”, in this paper we draw a theoretical formulation of
the laws of thermodynamics for the class of weakly coherent
collisional models (Fig. 1), i.e. situations where the ancillae
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2are prepared in states that, albeit close to thermal ones, retain a
small amount of coherence. This is a realistic case, as perfect
thermal equilibrium is unlikely to be achieved in practice.
We show that, despite their weakness, the implications of
such residual coherence for both the first and second law of
thermodynamics are striking, in that non-trivial contributions
to the continuous-time open dynamics arise to affect the phe-
nomenology of energy exchanges between system and envi-
ronment [21]. In order to illustrate these features in a clear
manner, we choose a scenario where no work is externally per-
formed on the global system-ancilla compound [19, 20, 29],
so that all changes in the energy of the system can be faith-
fully attributed to heat flowing from or into the environment.
Despite this, we derive a bound showing how coherence in
the ancillae (quantified by the relative entropy of coherence)
is consumed to convert part of the heat into a coherent (work-
like) term in the system.
Our analysis thus entails that quantum coherence can em-
body a faithful resource in the energetics of open quantum sys-
tems [28]. Such resource can be consumed to transform disor-
dered energy (heat) into ordered one (work), thus catalyzing
the interconversion of thermodynamic energy exchanges of
profoundly different nature, and paving the way to the control
and steering of the thermodynamics of quantum processes.
Collisional models - We begin by describing the general
structure of collisional models. A system S interacts with
an arbitrary number of environmental ancillae A1, A2, . . ., all
identically prepared in a certain state ρA. Each system-ancilla
interaction lasts for a time τ and is governed by a unitary US An .
The state of S after its interaction with An is embodied by the
stroboscopic map
ρS ((n + 1)τ) = trAn
(
ρ′S An
)
≡ trAn
[
US An (ρS (nτ) ⊗ ρA) U†S An
]
,
(1)
where ρS (nτ) is the state of S before the nth system-ancilla
interaction.
Next, let HS and HAn denote the free Hamiltonians of the
system and ancillae. We define the heat exchanged in each in-
teraction as the change in energy in the state of the ancilla [31–
33] QAn = tr
{
HAn (ρ
′
An
− ρAn )
}
, where ρ′An = trS ρ
′
S An
. Work is
then defined as the mismatch between QAn and the change in
energy of the system, ∆En = tr
{
HS
[
ρS ((n + 1)τ) − ρS (nτ)]},
leading to the usual first law of thermodynamics
∆En = Wn − QAn . (2)
As the global dynamics is unitary, the definition of work in
this case is unambiguous, being associated with the cost of
switching the S -An interaction on and off [19, 20, 29]. This
work cost will be strictly zero whenever the system satisfies
the condition [26, 27] [US An ,HS + HAn ] = 0, which states
strict energy conservation. In this case, Eq. (2) reduces to
∆En = −QAn , which implies that all energy changes in the
system can be unambiguously attributed to heat flowing to or
from the ancillae. In order to highlight the role of quantum
coherence, we shall assume this is the case throughout the
paper. The extension to the case where work is also present is
straightforward.
The second law of thermodynamics for the map in Eq. (1)
can be expressed as the positivity of the entropy production in
each stroke, defined as [18, 30]
Σn = I(ρ′S An ) + S (ρ′An ||ρAn ), (3)
where I(ρ′S An ) = S (ρ′S ) + S (ρ′An ) − S (ρ′S An ) is the mutual
information between S and An after their joint evolution,
S (ρ′An ||ρAn ) = tr
(
ρ′An ln ρ
′
An
− ρ′An ln ρAn
)
is the relative en-
tropy between the initial and final states of An, and S (ρ) =
− tr (ρ ln ρ) is the von Neumann entropy. Eq. (3) quantifies
the degree of irreversibility associated with tracing out the
ancillae. It accounts not only for the system-ancilla corre-
lations that are irretrievably lost in this process, but also for
the change in state of the ancilla, represented by the last
term in Eq. (3). The two terms were recently compared in
Refs. [23, 34], and in the context of Landauer’s principle [31].
Continuous-time limit - In the limit of small τ, Eq. (1) can
be approximated by a Lindblad master equation. Such a limit
requires a value of τ sufficiently small to allow us to approxi-
mate ρS ((n + 1)τ)− ρS (nτ) as a sufficiently smooth derivative.
Mathematically, in order to implement this, it is convenient to
rescale the interaction potential VS An between S and An by a
factor 1/
√
τ [15, 17, 25]. That is, one assumes that the total
S -An Hamiltonian is of the form
HS An = HS + HAn + VS An/
√
τ (4)
with the unitary evolution US An = exp[−iτHS An ]. This kind of
rescaling, which enables the performance of the continuous-
time limit, is frequent in stochastic processes and naturally
appears in certain interactions with the radiation field [35].
Weakly coherent ancillae - Finally, we specify the state of
the ancillae, which is the main feature of our construction.
We assume that the ancillae are prepared in a state of the form
ρA = ρ
th
A +
√
τ λχA, (5)
where ρthA = e
−βHA/ZA is a thermal state at the inverse tem-
perature β (ZA is the corresponding partition function). Here
χA is a Hermitian operator having no diagonal elements in
the energy basis of HA. Moreover, λ is a control parameter
that measures the magnitude of the coherences. Notice that
the term “weak coherences” is used here in the sense that we
are interested specifically in the case where τ → 0, in which
case the second term in (5) is much smaller in magnitude than
the first. For finite τ, not all choices of χA lead to a positive
semidefinite ρA. However, in the limit τ → 0, these con-
straints are relaxed and any form of χA having no diagonal
entries becomes allowed.
The scaling in Eq. (5) highlights an interesting feature of
coherent collisional models, namely that for a short τ and
strong VS An , even weak coherences already produce non-
negligible contributions.
We use the unitary US An generated by Eq. (4) and the state
in Eq. (5) in the map stated in Eq. (1). We then expand the
3latter in power series of τ and take the limit τ → 0. This then
leads to the quantum master equation (cf. [36] for details)
ρ˙S = −i[HS + λ G, ρS ] + D(ρS ), (6)
where ρ˙S = limτ→0
[
ρS ((n + 1)τ) − ρS (nτ)]/τ. We also define
D(ρS ) = − trA[VS A, [VS A, ρS ⊗ ρthA ]]/2, (7)
representing the usual Lindblad dissipator associated with the
thermal part ρthA , and
G = trA(VS AχA) (8)
representing a new unitary contribution stemming from the
coherent part of ρA. In deriving Eq. (6) we have assumed that
trA(VS AρthA ) = 0, as customary [37]. Eqs. (6)-(8) provide a
general recipe for deriving quantum master equations in the
presences of weak coherences. All one requires is the form
of the system-ancilla interaction potential and the state of the
ancillae. In the limit λ→ 0 one recovers the standard thermal
master equation [15, 17, 25, 29].
Eigenoperator interaction - The physics of Eqs. (6)-(8) be-
comes clearer if one assumes a specific form for the interac-
tion VS A. A structure which is particularly illuminating, in
light of the strict energy-conservation condition, is
VS A =
∑
k
gkL
†
k Ak + h.c., (9)
where gk are complex coefficients and Lk and Ak are eigenop-
erators for the system and ancilla respectively [38]. That is,
they satisfy the conditions [HS , Lk] = −ωkLk and [HA, Ak] =
−ωkAk, for the same set of Bohr frequencies {ωk}. This means
that they function as lowering and raising operators for the en-
ergy basis of S and A. As both have the same ωk, all of the
energy leaving the system enters an ancilla and viceversa, so
that strict energy conservation is always satisfied.
The form taken by the dissipator in Eq. (7) when VS A is as
given above is the standard thermal one
D(ρS ) =
∑
k
{
γ−kD[Lk] + γ+kD[L†k]
}
, (10)
where D[L] = LρS L† − 12 {L†L, ρ}. We also define the jump
coefficients γ−k = |gk |2〈AkA†k〉th and γ+k = |gk |2〈A†k Ak〉th, with〈. . .〉th = tr {(. . .)ρthA }. As shown e.g. in Ref. [38], since the
Ak are eigenoperators, these coefficients satisfy detailed bal-
ance γ+k /γ
−
k = e
−βωk . As for the new coherent contribution in
Eq. (8), we now find
G =
∑
k
{
gk〈Ak〉χL†k + g∗k〈A†k〉χLk
}
, (11)
where 〈. . .〉χ = tr {(. . .)χ} means an average over the coherent
part χ of the ancillae.
Qubit example - As an illustrative example, suppose both
system and ancillae are resonant qubits with HS (A) = Ω2 σ
S (A)
z
and VS A = g(σS+σ
A− + σS−σA+). Moreover, we take χA =
|0〉〈1| + |1〉〈0|, so that Eq. (10) reduces to the simple ampli-
tude damping dissipator D(ρS ) =
∑
j=± γ jD[σSj ], whereas the
coherent contribution in Eq. (11) goes to G = gσSx . The dy-
namics of the system will then mimic that of a two-level atom
driven by classical light, with D(ρS ) representing the inco-
herent emission or absorption of radiation and G a coherent
driving term.
Modified first law - Collisional models enable the unambigu-
ous distinctions between heat and work, which is in general
not the case [39], due to the full access to the global dynamics
offered by such approaches [18, 29]. In particular, Eq. (6) was
derived under the assumption of strong energy conservation,
so that no work is performed: energy exchanges involving the
system are solely due to heat leaving or entering the ancillae.
The evolution of 〈HS 〉 is easily evaluated as
d〈HS 〉/dt = iλ〈[G,HS ]〉 + tr [HS D(ρS )] . (12)
While both terms in the right-hand side stem from heat-like
contributions, their basic structures are clearly different. The
second term represents the typical incoherent energy usually
associated with heat, whereas the first represents a coherent
contribution more akin to quantum mechanical work. In-
deed, we show below that, quite interestingly, the first term
in Eq. (12) does satisfy properties expected from quantum
mechanical work. We shall thus refer to it, with an abuse
of notation, as the coherent work, W˙C = iλ〈[G,HS ]〉. We
also refer to the last term in Eq. (12) as the incoherent heat,
Q˙inc = tr {HS D(ρS )}.
Combining this with Eq. (2) gives the modified first law
d〈HS 〉/dt ≡ −Q˙A = W˙C + Q˙inc, (13)
where Q˙A = limτ→0 QAn/τ is the change in energy of each
ancilla. Such modified first law is one of our key results. It
reflects a transformation process, where part of the heat flow-
ing in or out of the ancillae is converted into a coherent energy
changeWC , with the remainder staying as the incoherent heat
Q˙inc. Next, we show that this transformation process is made
possible by consuming coherence in the ancillae.
Modified second law - We now turn to the second law in
Eq. (3). All entropic quantities can be computed using pertur-
bation theory in τ, leading to results that become exact in the
limit τ→ 0. The details are given in Ref. [36]. We find
I(ρ′S An ) = −β∆F − ∆CAn (14)
S (ρ′An ||ρA) = βWC + ∆CAn , (15)
where ∆F is the change in non-equilibrium free energy of the
system, F(ρS ) = 〈HS 〉 − TS (ρS ) andWC ' W˙Cτ. Moreover
∆CAn = C(ρ
′
An
) − C(ρAn ) is the change in the relative entropy
of coherence [40, 41] in the state of the ancillae with C(ρA) =
S (ρdA)−S (ρA), with ρdA the diagonal part of ρA in the eigenbasis
of HA. If λ = 0 in Eq. (5), we getWC = ∆CAn = 0 (so that
Σ = −β∆F).
4The positivity of the relative entropy in Eq. (15) implies
that in each system-ancilla interaction, the coherent work is
always bounded by
βWC ≥ −∆CAn . (16)
This is the core result of our investigation: It shows that the
coherent work is bounded by the loss of coherence in the state
of the ancillae, which needs to be consumed in order to enable
the transformation process described in Eq. (13). Coherence
can, in this case, therefore be interpreted as a thermodynamic
resource, which must be used to convert disordered energy
in the ancillae into an ordered type of energy usable for the
system.
Inserting Eqs. (14) and (15) in Eq. (3) and taking the limit
τ → 0, one finds that the entropy production rate Π =
limτ→0 Σn/τ can be expressed as
Π = β
(
W˙C − F˙
)
= S˙ (ρS ) − βQ˙inc. (17)
This equation embodies a modified second law of thermody-
namics in the presence of weak coherences.It is structurally
identical to the classical second law [42], but with the coherent
workWC instead. The positivity of Π sets the bound W˙C ≥ F˙
that, albeit looser than the one in Eq. (16), has the advantage
of depend solely on system-related quantities.
Extension to multiple environments - An extremely pow-
erful feature of collisional models is the ability to describe
systems coupled to multiple baths. The typical idea is repre-
sented in Fig. 2. The system is placed to interact with multiple
species of ancillae, with each species being independent and
identically prepared in states ρA, ρB, ρC , etc. This can be used
to model non-equilibrium steady-states, e.g. of systems cou-
pled to multiple baths. In the stroboscopic scenario the state
of the system will be constantly bouncing back and forth with
each interaction, even in the long-time limit. But the strobo-
scopic state after sequences of repeated interactions with the
ancillae will in general converge to a steady-state.
The remarkable feature of this construction is that the
contributions from each species become additive in the
continuous-time limit, in contrast to models where the bath
is constantly coupled to the system [43]. We assume that
each interaction lasts for a time τ/m, where m is the num-
ber of ancilla species (e.g. m = 3 in Fig. 2). Moreover, let
i = A, B,C, . . . ,m label the different species. To obtain a well
behaved continuous-time limit, one must rescale the interac-
tion potential VS i with each species [Eq. (4)] by m/
√
τ, while
keeping the coherent terms in Eq. (5) proportional to
√
τ. Us-
ing this recipe we find the master equation
ρ˙ = −i[HS + ∑
j
λ jGS j, ρS
]
+
∑
j
D j(ρS ), (18)
where the sums are over the various species involved, while
GS j and D j are exactly the same as those given in Eqs. (7)
and (8). This is extremely useful, as it provides a recipe to
construct complex master equations, with non-trivial steady-
states, from fundamental underlying building blocks.
S
C B A C B A C B
A
FIG. 2. Example of a collisional model where the system interacts
with multiple species of ancillae.
This approach translates neatly into the first and second
laws of thermodynamics, which now become
d〈HS 〉/dt ≡ −
∑
j
Q˙ j =
∑
j
(
W˙ jC + Q˙ jinc
)
, (19)
and
Π = S˙ (ρS ) −
∑
j
β jQ˙ jinc, (20)
where β j is the inverse temperature of species j. Both have the
same structure as the usual first and second laws for systems
coupled to multiple environments.
Conclusions - We have introduced a scenario beyond the
standard system plus thermal-bath, for which operationally
useful thermodynamic laws can be constructed. The key fea-
ture of our scenario is the use of weakly coherent states. For
strong system-ancilla interactions, even weak coherences al-
ready lead to a non-trivial contribution. This leads to a mod-
ified continuous-time Lindblad master equation that encom-
passes a non-trivial coherent term giving rise to an effective
work contribution to the energetics of the open system, al-
though no external work is exerted at the global level. Incoher-
ent (thermal) energy provided by the environment is catalyzed
into work-like terms for the system to use by the (weak) co-
herence with which the former is endowed. We believe that
this analysis thus provides a striking example of the resource-
like role that coherence can play in non-equilibrium thermo-
dynamic processes [28]. This could find applications, for
instance, in the design of heat engines mixing classical and
quantum resources.
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1Supplemental Material
In this supplemental material we provide additional details on the mathematical derivations of our most relevant results. In
Sec. S1 we discuss the derivation of Eq. (6) of the main text. In Sec. S2 we discuss how to use perturbation theory to compute
the von Neumann entropy and related quantities. These are then used in Sec. S3 to derive Eqs. (14) and (15) of the main text.
S1. DERIVATION OF EQ. (6) OF THE MAIN TEXT
The derivation of Eq. (6) is straightforward once the basic ingredients are properly defined. We consider for simplicity a
single system-ancilla interaction event. The system is prepared in an arbitrary state ρS , whereas the ancilla is prepared in the
weakly coherent state ρA in Eq. (5) of the main text. We then apply the unitary US A generated by the Hamiltonian (4). A
Baker-Campbell-Haussdorf expansion in τ leads to
ρ′S A = ρS ρA − iτ[HS A, ρS ρA] −
τ2
2
[HS A, [HS A, ρS ρA]]. (S1)
Using the specific scalings of VS A and ρA, and keeping only terms at most linear in τ we get
ρ′S A = ρS ρA − iτ[HS + HA, ρS ρA] − i
√
τ [VS A, ρS ρA] − τ2[VS A, [VS A, ρS ρ
th
A ]] + O(τ)3/2. (S2)
In the last term we neglected a contribution from the coherent part χA, as this would lead to a term at least of order τ3/2. However,
in the firs two terms we kept the full ρA = ρthA +
√
λ2τχA.
Eq. (6) of the main text now follows directly by taking the trace of Eq. (S2) over A and assuming that trA(VS AρthA ) = 0, which
leads to
ρ′S = ρS − iτ[HS , ρS ] − iτ[G, ρS ] + τD(ρS ), (S3)
with D and G given in Eqs. (7) and (8) of the main text. Dividing both sides by τ and defining
dρS
dt
= lim
τ→0
ρ′S − ρS
τ
, (S4)
then leads to Eq. (6).
Below we will also need the updated state of the ancillae, after they have interacted with the system. This can be obtained by
taking the partial trace of Eq. (S2) over S :
ρ′A = ρ
th
A +
√
τ
(
λχA − i[GA, ρthA ]
)
+ τ
(
− iλ[GA, χA] + DA(ρthA )
)
. (S5)
where
GA = trS (VS AρS ), (S6)
DA(ρthA ) = −
1
2
trS [VS A, [VS A, ρS ρthA ]]. (S7)
Quite relevant to the discussion below, the term of order
√
τ does not vanish in Eq (S5).
Energy balance
Using the general map (S1) we can compute the changes in energy of the system and ancilla, defined as ∆HS = tr
{
HS (ρ′S A −
ρS ρA)
}
and ∆HA = tr
{
HA(ρ′S A − ρS ρA)
}
. One then readily finds
∆HS = i
√
τ〈[VS A,HS ]〉S A + τ2 〈[VS A, [VS A,HS ]]〉S A, (S8)
∆HA = i
√
τ〈[VS A,HA]〉S A + τ2 〈[VS A, [VS A,HA]]〉S A. (S9)
2where 〈. . .〉S A means averages over ρS ρA. Notice that the structure of these results is entirely independent on any specific choice
for the states of the ancillae. Due to strong energy conservation, [VS A,HS + HA] = 0 it follows that
〈[VS A,HS ]〉S A = −〈[VS A,HA]〉S A, (S10)
〈[VS A, [VS A,HS ]]〉S A = −〈[VS A, [VS A,HA]]〉S A, (S11)
and hence
∆HS = −∆HA. (S12)
Two conclusions may be drawn from this. The first is that, as mentioned in the main text, the strong energy conservation
condition (4) implies that no work is performed; all change in energy in the system stems from a corresponding change in the
ancillae. Second, Eqs. (S10) and (S11) allow us to pinpoint the origin of the coherent work WC and the incoherent heat Qinc
appearing in Eq. (12) of the main text.
To accomplish this, we simply need to express global averages over ρS ρA in terms of local averages over either ρS or ρA. For
instance, referring to Eq. (S8), the first term is precisely the coherent work since
WC = iλτ〈[G,HS ]〉S = i
√
τ〈[VS A,HS ]〉S A.
The identity in Eq. (S10) therefore implies that this contribution will stems from a corresponding term on the side of the ancilla
of the form 〈[VS A,HA]〉. Whence,
WC = −i
√
τ〈[VS A,HA]〉S A = −i
√
τ〈[GA,HA]〉A, (S13)
where GA is given in Eq. (S6). In the last term, the average over ρthA does not contribute, so we finally get
WC = −iλτ〈[GA,HA]〉χA . (S14)
Similarly, the incoherent heat Qinc is related to the second term in Eq. (S8):
Qinc = τ tr
{
HS D(ρS )
}
=
τ
2
〈[VS A, [VS A,HS ]]〉 = −τ2 〈[VS A, [VS A,HA]]〉 = −τ tr
{
HADA(ρthA )
}
, (S15)
where DA(ρthA ) = − 12 trS [VS A, [VS A, ρS ρthA ]]. The total change in energy of the system, which is the heat leaving the ancilla, can
then be written solely in terms of ancilla-based quantities:
∆〈HS 〉 := −QA =WC + Qinc = −iλτ〈[GA,HA]〉χA − τ tr
{
HADA(ρthA )
}
. (S16)
These results therefore allow us to pinpoint which terms in the heat ∆HA leaving the ancilla are converted toWC and Qinc.
S2. PERTURBATIVE EXPANSION OF ENTROPIC QUANTITIES
The states of system and ancilla, before and after the interactions, will generally depend on τ in different ways. To compute
the entropy production, defined in Eq (3) of the main text, one must compute several entropic quantities depending on these
states. Since we are interested in the limit τ → 0, these quantities can be computed using perturbation theory, which becomes
exact in the limit τ→ 0. In this section we start by stating some general results on perturbative expansions of the von Neumann
entropy, the relative entropy of coherence and the quantum Kullback-Leibler divergence (relative entropy). In Sec. S3 we will
then specialize these results to the relevant states appearing in Eq. (3) and derive the results in Eqs. (14) and (15).
Von Neumann entropy
Consider a general density matrix of the form
ρ = ρ0 + σ, (S17)
3where  is a small parameter and we assume tr ρ0 = 1 so trσ = 0. Let ρ0 =
∑
i pi|i〉〈i| denote the eigendecomposition of the
unperturbed density matrix ρ0. We now wish to compute the von Neumann entropy of ρ, which reads
S (ρ) = − tr(ρ log ρ) = −
∑
i
Pi log Pi, (S18)
where Pi are the eigenvalues of the full density matrix ρ.
Since ρ is a Hermitian operator, standard perturbation theory applies [S44]. Assuming that the pi are non-degenerate, we may
then write, up to order 2,
Pi = pi + σii + 2
∑
j,i
|σi j|2
pi − p j . (S19)
Plugging this in Eq. (S18), expanding Pi log Pi in  up to second order and using the fact that trσ = 0, we find that
S (ρ) = S (ρ0) − 
∑
i
σii log pi − 2
∑
i
{ σ2ii
2pi
+
∑
j,i
|σi j|2
pi − p j log pi
}
. (S20)
This is the series expansion for S (ρ). The populations σii contribute both with order  and 2, whereas the coherences (off-
diagonals) only start to contribute at order 2.
Relative entropy of coherence
Due to this separation, the relative entropy of coherence [Eq. (19) of the main text] will be of order 2:
C(ρ) = 2
∑
i, j,i
|σi j|2
pi − p j log pi. (S21)
This expression can also be written more symmetrically, as
C(ρ) = 
2
2
∑
i, j,i
|σi j|2
pi − p j log pi/p j. (S22)
Thus, we see that the relative entropy of coherence weights each coherence |σi j| by a factor of the form
log(x/y)
x − y ≥ 1, x, y ∈ [0, 1].
Quantum relative entropy
Next we consider the relative entropy S (ρ′||ρ) between two density matrices of the form
ρ = ρ0 + σ, ρ
′ = ρ0 + µ, (S23)
where σ and µ are arbitrary, but both depend on ρ0 to order 0. We have
S (ρ′||ρ) = −S (ρ′) − tr(ρ′ log ρ). (S24)
The first term was already found in (S20), with σ replaced by µ:
S (ρ′) = S (ρ0) − 
∑
i
µii log pi − 2
∑
i
{ µ2ii
2pi
+
∑
j,i
|µi j|2
pi − p j log pi
}
. (S25)
In order to compute the last term we will need not only the perturbation theory for the eigenvalues of ρ [Eq. (S19)], but also
for its eigenvectors. Defining ρ =
∑
i
Pi|i˜〉〈i˜| allows us to write
tr(ρ′ log ρ) =
∑
i
〈i˜|ρ′|i˜〉 log Pi. (S26)
4Thus, in addition to writing log Pi as a power series, we will also have to expand 〈i˜|ρ′|i˜〉.
Using standard perturbation theory, the eigenvectors of ρ can be written as
|i˜〉 = |i〉 + |i1〉 + 2|i2〉, (S27)
where
|i1〉 =
∑
j,i
| j〉 σi j
pi − p j , (S28)
|i2〉 = −12 |i〉
∑
j,i
|σi j|2
(pi − p j)2 −
∑
j,i
| j〉 σiiσ ji
(pi − p j)2 +
∑
j,i,k,i
|k〉 σk jσ ji
(pi − p j)(pi − pk) (S29)
With this we find, after carrying out the computations,
〈i˜|ρ′|i˜〉 = pi + µii + 2
∑
j,i
µi jσ ji + σi jµ ji − |σi j|2
pi − p j . (S30)
Plugging this result in Eq. (S26) and expanding all terms in  then finally leads to
tr(ρ′ log ρ) =
∑
i
{
pi log pi + (σii + µii log pi) + 2
[
µiiσii
pi
− σ
2
ii
2pi
+
∑
j,i
µi jσ ji + σi jµ ji − |σi j|2
pi − p j log pi
]}
. (S31)
Finally, combining this with Eq. (S25) leads to
S (ρ′||ρ) = 
2
2
∑
i
{
(µii − σii)2
pi
+
∑
j,i
|µi j − σi j|2
pi − p j log(pi/p j)
}
. (S32)
We therefore see that while S (ρ) and S (ρ′) contain contributions of order , the first non-zero contribution to the relative entropy
is of order 2. Moreover, the result depends on both the populations and the coherences, and both with the same order 2. This
highlights some of the differences between S (ρ′||ρ) and S (ρ′) − S (ρ).
S3. CALCULATION OF I(ρ′S A) AND S (ρ′A||ρA) [EQS. (14) AND (15) OF THE MAIN TEXT]
We are now in the position to derive Eqs. (14) and (15) of the main text. To do so, one must simply apply the results of
Sec. S2 with the appropriate choices of ρ, ρ0, etc. Since system and environment always start uncorrelated and since the global
dynamics is unitary, the mutual information developed in the map (S1) can be written as
I(ρ′S A) = S (ρ′S ) + S (ρ′A) − S (ρ′S A) := ∆S S + ∆S A. (S33)
Our task is to compute ∆S A = S (ρ′A) − S (ρA). In addition, we will also need S (ρ′A||ρA). We compute each term separately.
Calculation of S (ρA)
The initial state of the ancilla is given in Eq. (5) of the main text, ρA = ρthA +
√
λ2τχA, where χA has no diagonal elements.
This falls under the structure of Eq. (S17), provided we identify
σ =
√
τλχA.
A direct application of Eq. (S20) then yields
S (ρA) = S (ρthA ) − λ2τ
∑
i, j,i
|(χA)i j|2
pthi − pthj
ln pthi , (S34)
where pthi are the eigenvalues of ρ
th
A and the basis |i〉 refers to the energy basis of HA. Since the perturbed part of ρA has no
diagonal elements, the second term in Eq. (S34) is nothing but the relative entropy of coherence of the state ρA,
C(ρA) = λ2τ
∑
i, j,i
|(χA)i j|2
pthi − pthj
ln pthi . (S35)
Thus, we may simply write
S (ρA) = S (ρthA ) −C(ρA). (S36)
5Calculation of S (ρ′A)
The state of the ancilla after the map is given by Eq. (S5). This once again has the structure Eq. (S17), but now one must
identify
σ =
√
τ
{
λχA − i[GA, ρthA ]
}
+ τ
{
− iλ[GA, χA] + DA(ρthA )
}
.
The terms proportional to
√
τ now form the off-diagonal part of σ and those proportional to τ are all diagonal. Applying again
Eq. (S20) yields
S (ρ′A) = S (ρ
th
A ) − τ
∑
i
(
− iλ[GA, χA] + DA(ρthA )
)
ii
ln pthi − τ
∑
i, j,i
∣∣∣∣∣(λχA − i[GA, ρthA ])
i j
∣∣∣∣∣2
pthi − pthj
ln pthi .
Once again, comparing with Eqs. (S20) and (S21), the relative entropy of coherence of ρ′A corresponds to the last term only,
C(ρ′A) = τ
∑
i, j,i
∣∣∣∣∣(λχA − i[GA, ρthA ])
i j
∣∣∣∣∣2
pthi − pthj
ln pthi . (S37)
That is, we may write
S (ρ′A) = S (ρ
th
A ) − τ
∑
i
(
− iλ[GA, χA] + DA(ρthA )
)
ii
ln pthi −C(ρ′A).
The term proportional to τ, on the other hand, can be written as
−τ
∑
i
(
− iλ[GA, χA] + DA(ρthA )
)
ii
ln pthi = βτ trA
{(
− iλ[GA, χA] + DA(ρthA )
)
HA
}
,
where we also use the fact that ln ρthA = −βHA − ln ZA [c.f. Eq. (5) of the main text]. This term is therefore nothing but the total
change in energy of the ancilla in Eq. (S16). But this, in turn, is minus the change in energy in the system. Whence, we conclude
that
S (ρ′A) = S (ρ
th
A ) − β∆〈HS 〉 −C(ρ′A). (S38)
Calculation of I(ρ′S A)
Inserting Eqs. (S36) and (S38) into Eq. (S33) leads to
I(ρ′S A) = ∆S S − β∆〈HS 〉 − ∆CA, (S39)
which is Eq. (14) of the main text, provided we recognize ∆S S − β∆〈HS 〉 = −β∆F, as the change in free energy of the system.
Calculation of S (ρ′A||ρA)
Finally, we turn to the relative entropy S (ρ′A||ρA), expressed as the series in Eq. (S32). The operators µ and σ, defined in
Eq. (S23), should now be recognized with
σ =
√
τλχA,
µ =
√
τ
{
λχA − i[GA, ρthA ]
}
+ τ
{
− iλ[GA, χA] + DA(ρthA )
}
.
The first term in Eq. (S32) will depend only on the diagonal part of µ (the diagonal part of σ is zero). But this term is already of
order τ, so this will ultimately lead to a contribution of order τ2.
6The only non-negligible term is thus the one related to the coherences. It is convenient to express |µi j − σi j|2 as
|µi j − σi j|2 = |µi j|2 − |σi j|2 +
(
2|σi j|2 − µi jσ ji − σi jµ ji
)
.
The reason why this is useful is because then the first two terms can be recognized as the difference between the relative entropies
of coherence of ρ′A and ρA respectively [Eqs. (S37) and (S35)]. On the other hand, the remaining term in parenthesis may be
written as
2|σi j|2 − µi jσ ji − σi jµ ji = iλ
[
(χA)i j(GA) ji − (GA)i j(χA) ji
]
(pthi − pthj ).
Substituting these results in Eq. (S32) and expressing the remaining summations in terms of a trace, then yields
S (ρ′A||ρA) = ∆CA − iλβτ〈[GA,HA]〉χA .
Comparing this with Eq. (S14), we finally arrive at Eq. (15) of the main text; viz.,
S (ρ′A||ρA) = ∆CA + βWC . (S40)
